Abstract. Let F be the field of two elements and G a finite abelian 2-group with an involutory automorphism. The extension of this automorphism to the group algebra F G is called an involutory involution. This determines the groups of unitary and symmetric normalized units of F G. We calculate the orders and the invariants of these subgroups.
Let F be the field of 2 elements, G a finite abelian 2-group with an automorphism η of order 2 and let G η = {g ∈ G | η(g) = g}. By extending η to the group algebra F G, we obtain the involution
on F G which we will call the η-canonical involution. Let η be the η-canonical involution of the group algebra F G and let
where H = a 1 × · · · × a l and D = a l+1 × · · · × a t (l ≤ t), such that the generators a 1 , . . . , a l are inverted by η and a i is fixed by η for i > l. Such an involution is called involutory. If η(g) = g −1 for all g ∈ G then the involution η is called canonical. In the group
of normalized units of F G we determine the following subgroups
of symmetric and unitary units of V (F G), respectively. Our goal is to study the groups V η (F G) and S η (F G), where η is the involutory involution of the group algebra F G. The problem of determining the invariants and the basis of V * (F G) has been raised by S. P. Novikov (see [12] , where * is the canonical involution of F G). The solution for the canonical involution was given in [3] ; this result was extended in [4, 5] for abelian p-groups G of odd order with an involutory involution. The solution provides bases and determines the invariants of the two subgroups formed by these units. Here we consider the orders and the invariants of these subgroups for 2-groups, but the question about the bases is left open.
Note that commutative modular group algebras have several applications in coding theory, cryptography (see [10, 11, 14] ) and threshold logic (see [1] ). For a noncommutative group algebra the study of unitary and symmetric units is an interesting problem on itself (see [6, 7, 8, 9] ).
Our main result is the following.
Theorem. Let F be a field of two elements and let G = H × D be a finite abelian 2-group with decomposition (1) . Assume that η is an involutory involution of F G.
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If H is a subgroup of G, then we denote the left transversal of G with respect to H by R l (G/H). We denote the ideal of F G generated by the elements h − 1 for h ∈ H by I(H). Furthermore F G/I(H) ∼ = F [G/H] and
Denote the subgroup of G generated by elements of order p n by G[p n ]. We shall use the following homomorphisms:
given by ψ 1 (x) = x η x −1 and ψ 2 (x) = x η x, respectively, where x ∈ V (F G). It will be convenient to have a short temporary name for the finite abelian 2-groups G with η-canonical involution which satisfy the composition (1). Let us call the groups G with this property good.
Let G be a good group. Denote by D 1 the subgroup of H generated by the generators a 1 , . . . , a l from the decomposition (1) of order 4. If
Let G be a good group and
. It is easy to see that there exists the subset E(G) ⊆ G \ G η such that
Define the action of the group X = G[2] on the set Ξ 1 (G) by
Denote by Ξ(G) the set of the orbits of that action. As the group X acts freely on Ξ(G), each X-orbit has cardinality |X| and the number of orbits in Ξ(G) is
we defineξ λ =ξ t , where ξ t ∈ λ. Note that 0 =ξ g 2 =ξ g 2 1 holds if and only if
In the first case (gg 
Lemma 1. If G is a good group, then the following conditions hold:
can be uniquely written as
where g∈Gη β g = 1 and α g , β g ∈ F .
, so in (4) we have
independent parameters. This yields that |S η (F G)| = 2 s−1 . Again by (4), the symmetric unit x 2 has the following form
. This yields that in the decomposition of x 2 we can rewrite
Clearly, the number of independent parameters is
Lemma 2. Let G be a finite abelian 2-group and char(F ) = 2. Then the following conditions hold.
) has the following F -basis in F G:
where
Proof. (i) This follows from Lemma 2.2 in p.7 of [2] .
(ii) Indeed, every element u of the group 1 + I(G [2] ) has the form 1 +
h∈G [2] x h (h − 1), (x h ∈ F G) and
The elements c 
, which is possible only for i = j. Consequently h∈G β (i) h = γ i ∈ F and we can assume that γ 1 = 1 and γ 2 = · · · = γ t = 0. Hence
has the following properties:
l , where
Proof. Suppose that x η x −1 = g for some g ∈ G and x ∈ V (F G). First let g ∈ G\G 2 . Then there exists a maximal subgroup G 1 of index 2 in G such that g / ∈ G 1 and
In view of gx = x η , we have
which yields that α 1 = α 2 , a contradiction. Hence g ∈ G 2 and g = h 2 d 2 for some h ∈ H, d ∈ D. If we put y = xh, then
This yields
(ii) By (2) the map ψ 1 is a homomorphism of the group V (F G) onto W (F G) and
, by Lemma 2(ii) we obtain that
Now using induction on i the proof is done. (iii) This follows from the equation |W (F
Let α = (α 1 , . . . , α t ) ∈ Z t . Define the following subsets:
and at least one of α j is not divisible by 2 };
and α j = 0 at least for one j ≤ l }; 
where the set L(G) is defined by (5).
Proof. See [13] .
By Lemma 4 the direct product
is an elementary abelian 2-group of order
where the sets L(G), L 1 (G) are defined by (5).
Lemma 5. If G is a good group, then
Proof. First we shall establish by induction on l that (1) we get that G = a 1 × D and every u α (see Lemma 4(i)) with α ∈ L 1 (G) has the following form
where a 2 , . . . , a t ∈ D. For every K ⊆ L 1 (G) we have
Consequently, by (6) , each x ∈ T (G) can be written as x = 1+ Hz for some z ∈ F D. Thus y η + y = y(x + 1) = Hzy = Hα for some α ∈ F , because the elements of D do not belong to the support of y η + y. Clearly, if α = 0 then x = 1, as required. Let α = 1 and
it follows that β 1 + β η 1 = H, but this contradicts the fact that the support of the element β 1 + β η 1 does not contain elements of order two. Finally, let l > 1. By (6) each x = y −1 y η ∈ T (F G) can be written as a product of u α with α ∈ L 1 and every u α has the form 1 + (a j1 + 1)
where j i ≤ l and z ∈ F D. In view of
by the induction hypothesis, x ≡ 1 (mod I( a i )) for 1 ≤ i ≤ l. It follows that
for some z ∈ F D. Now, similarly to the case l = 1, we get x = 1, so (8) is proved. Finally suppose that
for some w ∈ V (F D) [2] and v ∈ T (F G). Then y −1 y η = wv for some unit y. Of course, y η H = y H and u α H = H for α ∈ L 1 (G). Therefore v H = H and y H = y η H = wvy H = wy H.
Since y is a unit, H = w H, which is impossible. The proof is done.
Lemma 6. Let G be a good group. Then the following conditions hold:
, whose 2-rank is also equal to s by Lemmas 3(iii), 2(iii) and by equation (7) . Therefore, part (i) of our lemma holds.
(
and Supp(x 2 ) ⊆ D, we obtain that (2)). It is easy to check that [2] . Let
be a nontrivial η-unitary unit such that
(β
Similarly to the previous case, from
for all h ∈ H 1 . Consequently for every u and h we get that
If u∈D1\D1 [2] χ(β (h) u ) = 0, then from the second equation of (10) we have
The element h∈H1 γ h is a unit by (9) , so from the last equation we have that
, then from the first equation of (10) we obtain that
by (9), again a contradiction. (6)):
where the set L(G) is defined by (5) . Let h ∈ H be of order |h| = q > 2. Let us prove that
We shall use the following equation
Clearly, (12) holds for k = 1 by (13). Let h ∈ H 1 be of order q > 4. Now using (12) for k = 1, we get that
Consequently,
Moreover, if |q| > 4, then for any symmetric element s, the element 1 + (h + 1) q−3 s has order 2 and
Finally if |h| = 4, then by direct calculation
Clearly, if s 2 = 0, the last equation coincides with (14) .
Then exists a nontrivial unitary unit x of order 4, such that x 2 ∈ M . Clearly
. By (11) we obtain that (15) Using the last equality and (14), we obtain that Continuing this process we can construct elements z 4 , . . . , z l−r , such that
where w α = 1 + (a 1 + 1) α1−1 (a 2 + 1) α2−1 · · · (a l−r + 1) α l−r −1 w.
We repeat this process for the elements u β , u γ , . . . (see (15)) and obtain that w α w β · · · ∈ W (F G).
Obviously u β , u γ , . . . ∈ T (F G) (see (6) ). Then by (8) we get that
